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GUIDING ISOTOPIES AND HOLOMORPHIC MOTIONS 

FREDERICK. R GARDINER AND YUNPING JIANG 



("^ ' Abstract. We develop a kind of isotopy principle for holomorphic mo- 

04 I tions. Our main result concerns the extendability of a holomorphic 

}_( ■ motion of a finite subset _B of a Riemann surface Y parameterized by a 

C^' point t in a pointed hyperbolic surface {X,to). It says that if the mo- 

•^r , tion from E to Et in Y has a guiding quasiconformal isotopy, then an 

extension to any new point p in F — _E is holomorphically possible. The 
proof gives a canonical way to replace a motion of the (n + 1) — st point 
by a holomorphic motion while leaving unchanged the given holomor- 
phic motion of the first n points. In particular, our main result gives 
^^. ' a new proof of Slodkowski's theorem which concerns the special case 

r \ . when the parameter space is the open unit disk with basepoint and 

^^ ' the dynamical space Y is the Riemann sphere. 

-)— > 

s- 

1. Introduction 

^ ' Suppose we are given a finite set {pi{t), . . . ,pn{t)} of holomorphic maps 

^-v . from a hyperboHc pointed Riemann surface {X, to) with values in a Riemann 

lO ! surface Y such that the set Et = {pi{t), . . . ,pn(t)} consists of n distinct 

C^^ ' points in Y for every t ^ X. Here X is called the parameter space and Y 

tJ" . the dynamical space. Suppose in addition we are given a continuous function 

^ I X 9 t I— )• p{t) € Y such that for every value of t & X, EtU {p{t)} consists 

of n + 1 distinct points in Y. If all of these hypotheses are satisfied, then 
Et,t G X, is a holomorphic motion in Y with parameter space X which 
is extended continuously by the motion Et U {p{t)} in Y with the same 
parameter space X. The main goal of this paper is to give an additional 
condition on p{t) that provides a canonical way to replace the continuous 
function p{t) : X ^ Y with a holomorphic function p{t) : X ^ Y such that 
p{t) / Piit) for all t G X and 1 < i < n and such that p{to) = p{to). This 
will give us a holomorphic motion Et U {p{t)} with parameter space X. 

Our main result says that this is possible as long as we are given a guiding 
isotopy for the continuous motion Et U {p{t)}. In particular, we give a new 
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proof of Slodkowski's theorem which concerns the case when the pointed pa- 
rameter space {X, to) is the open unit disk A with base point to = and the 
dynamical Riemann surface Y is the Riemann sphere C minus three points. 
The proof has a topological part and a geometric part. The topological part 
says that any holomorphic motion of a finite subset E of the Riemann sphere 
with parameter space (A, 0) is always guided by a guiding quasiconformal 
isotopy with the same parameter space. The geometric part assumes there 
is given a guiding isotopy parameterized by the Riemann surface {X,to) for 
a motion in the Riemann surface Y. Assuming this it provides a canonical 
holomorphic replacement. It relies on the existence of a canonical cylindri- 
cal differential with a double pole at any point, on the heights mapping for 
quadratic differentials and on the use of harmonic Beltrami differentials to 
produce holomorphic coordinates for Teichmiiller space. 

The paper is organized as follows. In section 2, we review definitions of 
continuous, quasiconformal, and holomorphic motions and introduce the no- 
tion of a guiding quasiconformal isotopy. In section 3, we state our main re- 
sults, Theorems [1] and [21 and Slodkowski's theorem. In section 4, we present 
the theory of holomorphic quadratic differentials, the heights mapping the- 
orem and a limiting process which yields a cylindrical quadratic differential 
with a single infinite cylinder. In section 5, we define our extension that 
follows a given guiding isotopy. In section 6, we prove that this exten- 
sion is actually a holomorphic motion. The main ideas in sections 5 and 
6 concern extremal infinite cyclinders corresponding to quadratic differen- 
tials with double poles and on the use of harmonic Beltrami differentials as 
coordinates for Teichmiiller space. In section 7, we give our new proof of 
Slodkowski's theorem. In section 8 we use Fuchsian groups and their defor- 
mations to quasi- Fuchsian groups to generalize the theorem from case where 
Y = C — {0, 1, oo} to the case that Y is an arbitrary Riemann surface. To 
make the paper self-contained, we also show how to promote holomorphic 
motions of finite subsets of Y to holomorphic motions of all of Y. In section 9 
we discuss topological obstructions that show that motions with non simply- 
connected parameter spaces do not necessarily have guiding isotopies. Thus 
the guiding isotopy assumption is necessary. 

Ackno'wledgement: We would like to thank Linda Keen, Sudeb Mitra, 
Hiroshige Shiga, and Zhe Wang for helpful discussions. 
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2. Motions and Guiding Isotopies. 

In this section we define motions of a set £^ in a fixed Rieniann surface Y 
and guiding isotopies of motions. We assume the motion is parameterized 
by points t in a pointed Riemann surface (X, to)- 

Definition 1. Let E CY. A motion hoiEinY parameterized by X with 
basepoint to is a continuous map h(t, z) : X x E ^ Y satisfying 

1) h{tQ,p) = p, for all p & E, 

2) for any fixed t G X, E 3 p >—^ h{t,p) € 1" is injective, and 

3) for any fixed p £ E, X 3 t >—^ h{t,pj) € y is continuous. 

We think of the parameter t as measuring time and ht{z) = h{t,z) as 
specifying the motion of the point z in the dynamical space. 

Definition 2. A motion h is called a holomorphic motion of E if for each 
p (z E, X 3 t ^ h{t,p) € y is holomorphic. 

Definition 3. Suppose /i(t, z) and h{t, z) are motions of subsets E and E in 
Y.li E d E and /i(t, z) = h{t, z) for all z in E, then h is called an extension 
of h to E. 

Definition 4. A guiding isotopy for a motion /i of i? C y is an extension 
i7 : X X y — 7- y of /i to all of y. It is called a quasiconformal guiding isotopy 
if for each t (^ X, Y 3 z —^ H(t, z) G y is a quasiconformal. 

We have the following proposition about guiding isotopies. 

Proposition 1. Suppose h{t,z) : X x E ^ Y is a holomorphic motion. 
If h has a quasiconform,al guiding isotopy H(t, z) : X xY ^ Y , then any 
quasiconformal isotopy G : {t,z) : X x y — t- y is isotopic to H onY — E. 

Proof For any t G X, let Ht = H{t,-) and Gt = H{t,-). Then both of 
them are quasiconformal homeomorphisms of Y. Let Ft = G^ o Ht. Since 
both of them are extensions of /i, we have that Ft{z) = z for all z £ E. 
Since Ft is a quasiconformal homeomorphism, we can define its Beltram 
coefficient fit = {Ft)-/{Ft)z on Y. It is continuous on t G X. Thus (f){t) = Ft 
is a continuous map from X to the space of homeomorphisms of Y. But 
0(to) = Ft, = Id. D 

This proposition shows that the isotopy class of the extension H oi h 
relative to y — -E is unique. However, its isotopy class relative to Y — E[j{p} 
may not be unique. Our recipe for constructing a holomorphic extension of 
h to E L) {p} depends only the isotopy class of H relative to E L) {p}. 

3. Statement of the main results 

In the following we let the parameter space be a pointed Riemann surface 
(AT, to) and the dynamical space be another hyperbolic Riemann surface Y. 
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Theorem 1 (Extending motions of finite sets). Suppose 

X xY 3{t,z) ^ H{t,z) £Y 

is a guiding quasiconformal isotopy for a holomorphic motion pj{t) = h{t,pj) 
of n distinct points 

Et = {piit),--- ,Pnit)} 

in Y. Then there for any point p gY not equal to any of the points of E = 
{pi(to), • • • ,Pn(io)}) the guiding quasiconformal isotopy H(t,z) determines 
a holomorphic motion h{t,p) that extends the given holomorphic motion 
h{t,z) of E to the set E U {p}. The holomorphically moving point h{t,p) 
depends only on the guiding isotopy class of H relative to EU {p}. 

The complete proof of this theorem is given at the end of section [HI 
The next theorem can be obtained from this one by letting Y equal Co,i, 
that is, the Riemann sphere with {0, 1, oo} removed. However, our approach 
will be the opposite. First we prove the next theorem which treats the case 
when Y is the complement in the Riemann sphere of a set of three or more 
points. Then we realize the surfaces y, YJ; and Yt^e that come up in the proof 
by Fuchsian and Kleinian groups that act on the sphere and, by this means, 
we obtain a proof of Theorem [T] derived from the the proof of Theorem [2l 

Suppose Pj{t) = h{t,pj) is a continuous motion of £■ = {pi, . . . ,p„} C C 
Since the points of E move continuously and distinctly, there is a continuous 
path of Mobius transformations At such that At{pi{t) = 0, At{p2{t)) = 1 and 
At{p3{t)) = oo. Then the ordered n-tuple 

At{Et)) = {0,1, ex,, At{p^{t)),...,At{pn{t))) 

is a continuous motion of A(){E). Obviously, if Et depends holomorphically 
on t then so does At{Et). Thus by showing how to extend a holomorphic 
motion of a subset of C normalized at 0, 1, oo, by choosing an appropriate 
holomorphic path of Mobius transformations At we also provide a method 
for extending holomorphic motions that are not normalized. 

Theorem 2 (Motions in the Riemann sphere). Suppose 

E = {Pl,--- ,Pn} 

is a finite subset o/C containing n > 3 distinct points and X is a hyperbolic 
Riemann surface with base point to- Assume h : X xE ^ C is a holomorphic 
motion of E in C and p is a point in C — E. If there is a guiding quasicon- 
formal motion /i : X x C — )■ C that extends h, then there is a holomorphic 
motion h : X x (EU {p}) — )• C that has the same initial value at t = to as h 
and that extends h. The holomorphically moving point h{t,p) depends only 
on the guiding isotopy class of h relative to E L) {p}. 

If the parameter space X is compact or compact except for a finite number 
of punctures, this theorem has no interest because the only holomorphic 
functions are constant. 
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The next sections up to and including section 7 are devoted to proving 
Theorem [2j In section 8 we show how to use Theorem [2] to obtain Theorem 
[TJ The proofs rely on properties of holomorphic quadratic differentials with 
double poles, see [24], and on holomorphic coordinates for Teichmiiller space 
provided by the Bers' embedding, see 0]. 

Letting (X, to) be the unit disc A with base point 0, Theorem [2] becomes 
the following theorem of Slodkowski. 

Theorem 3 (Slodkowski [23^]). Suppose X = A = {t \ \t\ <!} is the open 
unit disk, with the base point tg = 0. Then any holomorphic motion h{t, z) : 
A X £■ ^ C can be extended to a holomorphic motion h{t, z) : A x C — )• C. 

4. Cylinders with maximal modulus 

Theorem 4 (Heights Mapping Theorem). Assume E is a finite subset o/C 
containing two or more points and let A(p) be a conformal disc centered atp 
in C—E. Let J be a simple closed curve inY = C — {EuA{p)) and homotopic 
to the boundary of A{p). Then there exists a unique holomorphic quadratic 
differential q of finite norm defined on Y with the following properties: 

(1) all of the regular horizontal trajectories of q are closed and homotopic 
to 7, _ 

(2) the regular horizontal trajectories form a cylinder A that fills C — 
{E U A(p)) except for a critical graph C, 

(3) each regular horizontal trajectory a in this cylinder has length equal 
to 2tt and the totality of these trajectories fill A, 

(4) C is closed, connected set of measure zero and is the union of critical 
horizontal trajectories of q that join its zeros and poles, 

(5) C is a connected, simply connected finite graph, the poles of q form 
the endpoints of C and any zero of order k is a vertex of C from 
which emanates k + 2 edges of C, and 

(6) ||g|| = f fc^(EuA(p)) \'li^)\'^^dy = 2'irb, where b is the height of A 

measured in the metric l^p^. 

q is the unique holomorphic quadratic differential on Y with the properties 
that it has a characteristic cylinder with maximal modulus among all cylin- 
ders homotopic to the boundary of A{p) and its circumference measured with 
respect to the metric \q{z)\^''^\dz\ is equal to 2tt. 

Proof. The existence and uniqueness of q with these properties is well- 
known, see [9lll2 1 [T6 l l24). For any simple closed curve a not homotopically 
trivial and not homotopic to a puncture on any hyperbolic Riemann sur- 
face, such a holomorphic quadratic differential is obtained by maximizing 
the modulus of a cylinder among all cylinders on the surface homotopic to 
a. A similar conclusion is true even if we begin with a system {oj} of non- 
homotopic simple closed curves, and either the heights of the annuli can be 
arbitrarily specified (the heights theorem of Renelt [21]) or the projective 
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class of the moduli of the annul! can be arbitrarily specified (the Strebel 
moduli theorem |24j ) . 

For completeness of exposition here we give a sketch of the proof in the 
case we need, namely, the case where there is just one annulus with core 
curve homotopic to a boundary component and the size of this boundary 
component shrinking to zero. 

Lemma 1. Suppose A is an annular Riemann surface conformal to the ring 
domain {z : r < \z\ < R} and fi{z) is an L°° Beltrami differential on A with 

||Ai||oo < 1- In terms of the conformal parameter w let q{w){dw)'^ = (— ) 
and let A^ he the same annulus with the conformal structure induced by fi. 
This means a local homeomorphism w = h{z) from a neighborhood of a point 
p in A is declared to be conformal if 

h-{z) = ii{z)h:,{z). 

Let A(A) be the extremal length of the family of arcs in A that join its two 
boundary components and h.{A^) he the extremal length with the same family 
with respect to the conformal structure induced by jjl. Then 

(1) logA(^i^) = logA(^) +2 Re ^ If ^iqdxdy + 0{\t\^). 

\m\ JJa 

Proof. This formula follows from the Reich-Strebel inequalities and is proved 
in m and [131. D 



Lemma 2. Suppose A is an annulus embedded in a Riemann surface Y and 
the modulus of A is a large as possible among all annuli homotopic to A in 
Y. Let g be a conformal map from A onto the region {z : r < \z\ < R}. 

Then — \-r) is the restriction of a holomorphic quadratic differential q on 

Y and 

1 



ll^\q\dxdy = 11^ 



dxdy = 27rlog(i?/r). 



'A 

All of the regular horizontal trajectories of q are closed and are the images 
under g of the circles pe^^,r < p < R. 

Proof. This lemma is proved in [9j and [12]. For the benefit of the reader 
we repeat the main ideas of the proof here. 

The complex Banach space Q{Y) of integrable holomorphic quadratic 
differentials on y is a closed subspace of L^{Y), the space of integrable 
quadratic differentials and the dual Banach space L^(Y)* is isometric to L°°, 
the space of essentially bounded Beltrami differentials under the pairing 

{q, At) = // fJ-qdxdy. 
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In particular, if /x represents a linear functional i € L^(Y)* then 

m\*= sup ^ r—r ^ = ||//||oo. 

q€L^iY) \\Q\\ 



Our strategy to prove this lemma uses the identification of Q{Y) with 
Q{Y) provided by this pairing. Showing that ( — ) is in Q{Y)-^-^ also shows 

that it is in Q{Y). If ( — J ^ Q{Y) then there is a Beltrami differential 
H supported in A such that 

fiqdxdy = 
A 

for all q G QiY) and J/^ /x ( — I dxdy ^ 0. By the Hamilton-Krushkal vari- 
ational lemma there would be a curve of deformations fit tangent to ^ at 
t = for which by Lemma [1] A (^^J is smaller than A(^) and for which 
Y{fit) represents the same point of Teichmiiller space as Y. This conclu- 
sion contradicts the assumption that A{A) has maximum modulus among 
homotopic annuli A embedded in Y. D 

The following result is also well known |12pi4j. 

Lemma 3. Let f be a quasiconformal homeomorphism mapping a hyperbolic 
Riemann surface Y to a Riemann surface f{Y) and let K be the maximal 
dilatation of f. Let q be a holomorphic quadratic differential on Y of finite 
norm with given heights and qj a holomorphic quadratic differential on f{Y) 
such the height along the isotopy class of any curve ^inY measured with 
respect to |Im {q{zY''^dz)\ is equal to the height of the isotopy class 7(7) in 
f{Y) measured with respect to [Im {qf{vu)^''^dvu)\. Then 

(2) K~^\\q\\ < \\qf\\ < K\\q\\. 

Proof. By the Dirichlet principle |lipi2j for measured foliations 



Ikll = // \q\dxdy 

is equal to the infimum of 2D{y) = 2 J /y('U^ ~^'^y) dxdy, where the infimum 
is taken over all measured foliations \dv\ that realize the heights of q, and 
any measured foliation that realizes this infimum is the absolute value of 
the imaginary part of the square root of q. Note that \d(v o f)\ has the same 
corresponding heights on Y that \dv\ has on f(Y), and 

{V ° f)z = {Vw O f)fz + {Vw O f)fz- 

Since v is real-valued and defined up to plus or minus sign and up to the 
addition of a constant, |f^| and |f^| are invariant and |wm,P = |i%P = 
(1/4) (u^ -|- vfi). Thus we can use exactly the same calculation that is given 
at the end of Chapter 1 in [1] . We have 
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|(t;o/),|<(|^;^|o /)(!/,! + 1/^1), and 

DY{\dvof\) = 2 jj \{vof),\''\dz^Tz\< 
2JjiK\of)Wf,\ + \f^\f\dzAdz\ = 

^ ff I ,2 i\fz\ + \h\? ,, ^^1 

2// \Vy,\ -— -^ ---nr\dwAdw\ = 

JJf{Y) \fzr - \h\ 

This implies the left hand side of ([2]). The right hand side follows from the 
same argument applied to /~^. D 

Lemmas 1, 2, and 3 complete the proof of Theorem HI D 

5. Definition of the extension 

In this section we assume we are given a holomorphic motion Et = 
{pi(t), . . . ,p„(t)} of a finite set E = {pi,...,p„} in C parameterized by 
t G X. Without loss of generality, we always assume that pi{t) = 0,p2{t) = 1 
and ps^t) = oo for every t £ X. Suppose in addition to the holomorphic func- 
tions Pj{t), 1 < J < n, defined for t € X, we are given another continuous 
function p{t) in C so that Et U {p{t)} = {pi{t), . . . , Pnit) , p{t)} is a set of 
n + 1 distinct points for each t € X. li we let 



h{t,z) 



Pj{t) for z = Pj{to), I < j < n and 
p{t) iovz = p{to), 



then /i is a motion, which is holomorphic on E and continuous on p = p^to). 
Now select a disc A{p, e) of radius e centered at p where e is less than the 
shortest distance \p{to) — pj{to)\,l < j < n. Let G{t,z) = h(t,z) be the 
guiding isotopy in the assumption of Theorem [2] such that p{t) = G{t,p). 
Because each map z i— )• G{t, z) is quasiconformal, A(t, e) = G{t, A{p, e)) is a 
quasidisc disjoint from Et for each t £ X. Our goal is to use G to define a 
replacement h of G\{E U {p}) by means of a limiting process in such a way 
that h is a holomorphic motion oi E L) {p} that extends the holomorphic 
motion of E given by h. The extension h oi h will depend on the equivalence 
class relative to -E U {p} of the guiding quasiconformal isotopy G. Also, we 
want h to have the same initial point as G and in some sense we want it to 
follow a path topologically equivalent to the path t i->- p{t). We make the 
definition of h{p) in several steps. 
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Step I. For w G C let A(p, e) = {w : {w — p\ < e} and let j be the reflection 
across the boundary of A(p, e) defined by 

(3) j{w) =p + e^/{w -p). 

Let 

Y, = C-{EUj{E)). 

By TheoremHlwe construct the cylinder A^ in Y^ = C—{E U j{E)) with max- 
imal modulus and with core curve homotopic to the boundary of A(p, e). It 
determines a holomorphic quadratic differential q^ with characteristic cylin- 
der A^ and a conformal map w >-^ z from that cylinder onto a domain in the 
plane of the form 

{z : 1 < \z\ < r}, 
where {1/2tt) log r is the modulus of the cylinder. In this annulus 

dz\ 



q,{w){dwY = - (^-j 

and because of the uniqueness of q^ under the symmetry j, the boundary 
of A(p, e) is a regular horizontal trajectory of q^. Note that the domain 
y^ = Y — [E VJ j{E)) is normalized by the condition that the first three 
points of E are 0, 1 and oo. The horizontal foliation with its vertical measure 
is given by 

\de\ = |Im [{{-q,Y''^){w)dw^ I = |Re {q,{w){dwff'\ 
Step II. Let jlt^e be the Beltrami coefficient of z i-^ Gt{z) = G{t, z), let 

in A{p, e) 



(^) ^*'^"l/it,e inC-A(p,e), 

and let 5*'^ be the unique quasiconformal self-mapping of C that fixes 0, 1 
and CO and that has Beltrami coefficient ^t,e- 

Step III. For each t, the isotopy type of the quasiconformal map z 1— )■ g*'''{z) 
determines a heights mapping from Y^ to Yf^e- Here we define the quasidisc 
A(t, e) by the equation 

(5) A(t,6)=g*'^(A(p,e)), 

and we put Yt^e equal to g^'^iY^:). By the heights mapping theorem, Theorem 
m there is a unique holomorphic quadratic differential qt^t on 1^ ^ such that 
the heights of 

\det\ = |Re {qt4w){dw)^)^/''\ 

on Yt^e are equal to the corresponding heights of \d9\ = |Re {qe{w){dw)'^y''^\ 
on Y^. In particular the height of \d9t\ along the boundary of A(t, e) is equal 
to 27r. 

Note that the critical graph of q^ consists of two trees, the first of which 
has endpoints at the points of E and the second of which has endpoints at 
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the points of j{E). Similarly, the critical graph of qt^e also consists of two 
trees and, correspondingly, the first has endpoints at the points of g*'^{E) 
and the second has endpoints at the points of g^''^{j{E)). 

Step IV. By the heights mapping theorem and the minimum Dirichlet 
principle for measured foliations, pT|[T5]. 

(6) {l/Kt) [[_\qe\ < [[_\qt,e\ < Kt [ [_\q,\. 

J Jc JJc JJc 

The family of simple closed curves that are homotopic to the boundary of 
the quasidisc A(t, e) in C — g^''^{E U j{E)) has extremal length less than 



'"IL 



c 

Since f J-^lqel — >• co as e — > 0, by holding t fixed and letting e approach zero, 
we see that the domain (^^'"^(ylg) approaches a domain in the Riemann sphere 
conformal to a punctured disc. All of the points of g^{j{E)) are squeezed 
to this puncture. Moreover, since g^''^ is Holder continuous in the sense that 
there is a constant C such that 

\g'''{wi)-g'''iw2)\<C\wi-W2\'/''\ 

every point of the closure of A(t, e) = g*'^{A{p, e)) converges to this puncture 
as e — 7- 0. 



Definition 5. We put 

(7) Ht,^)--, K^ _t,e 



p{t) for z = p{to) and 
lim^^o g^'^z) for z = Pj{to), I < j < n. 

Theorem 5. The function h{t, z) is a motion of E U {p} that extends the 
holomorphic motion h of E. Moreover, for no value of t a X can h{t,p) 
belong to Et because it is separated from Et by annuli of arbitrarily large 
moduli. This means that for each t, the extension h of h is injective. 

Proof. The map g*'^ defined in Step II depends on the reflection defined in 
Step I, which depends on e. As e — > 0, the Beltrami coefficients fit,e converge 
in the bounded pointwise sense to the Beltrami coefficient of z i— >• G{t, z) 
and so since these mappings are normalized to fix 0, 1 and oo, g^'^ converges 
uniformly in the spherical metric to z i— t- G{t,z). Therefore, h{pj{t)) = 
h{pj(t)) for Pj{t) £ Et. Since h{p{t)) is separated from all of the points of 
Et by an annulus of positive modulus, it cannot coincide with any of those 
points. 

The limiting differential qt = lime-s-o qt,e is a holomorphic on the Riemann 
sphere except for possibly simple poles at Et and a double pole with qua- 
dratic residue equal to —1 at h{t,p). Since its construction depends on the 
guiding isotopy G, in the remaining part of this proof, we denote qt^e by 

Qt,e,G- □ 
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In the next section we will show that h is also a holoniorphic extension of 
h, that is, there is a neighborhood iV of every value oi sq ^ X such that for 
t (z N, h{t, z) depends holomorphically on t for z ^ E\J {p}. We will show 
that p{t) depends holomorphically on t by showing that the points for fixed 
e > the points g*'''^{z) where z is any point in the closure of A(t, e) depend 
holomorphically on the holomorphic functions Pj{t), 1 < J < ra, and for any 
such z, g'''^{z) converges uniformly to h{t,p) as e — )• 0. 



6. Harmonic coordinates for Teichmuller space 

In this section we use harmonic Beltrami coefficients as coordinates for 
the unreduced Teichmiiller space of the bordered Riemann surface R = 
Y^ — A{p, e). This Teichmiiller space consists of quasiconformal maps / from 
R to f{R) factored by an equivalence relation. Two such maps /q and /i 
are equivalent if, after postcomposing one of them by a conformal map, they 
can be connected by a isotopy gt which pins down the points of E and all of 
the points on the boundary of A(p, e). In particular, the Teichmiiller space 
is infinite dimensional and its coordinates at the point [/] keep track of the 
boundary curve of R, namely, the boundary of the quasidisc f{A{p, e)). 

From the Ahlfors- Weill extension procedure (see pj) about the existence 
of a local holomorphic section, a local coordinate at a point r = [/] in T{R) 
is given by harmonic Beltrami coeffients ^ on f{R), which have the following 
special properties: 

1) fi is identically equal to zero on /(A(p, e)), 

2) n = p~'^{z)iIj{z) where ^ is a holomorphic quadratic differential on 
f{R) where p is the Poincare metric for f{R), and 

3) where ||/u||oo < 1- 

In particular, the holomorphic function ^l^{z) has at most simple poles at 
the points of f{E) and 3) means that \il^{z)\ < C^5~'^{z) where 5{z) is the 
minimum Euclidean distance from z to the boundary of f{A{p, e)). 

Theorem 6. Assuming each of the functions Pj{t), 1 < j < n is holomor- 
phic, the motion h{p, t) defined in ([^ holomorphically extends the motion 
h{p,t). In particular, 

a) h{t, z) coincides with h{t, z) for each z = Pj{t), 1 < j < ra, 

b) Pit) = h{t,p) is distinct from every point of Ef in C for each t in X, 
and 

c) p{t) is a holomorphic function of t G X. 

Proof, a) was already proved in the previous section. 

b) was also noted in the previous section and follows because h{t,p) is 
separated from the points of Ef in C by an annulus of positive modulus. 

c) follows from the idea behind the Bers' embedding. First assume the hy- 
perbolic disk {x £ X \ pxit,to) < 60} defines an embedded disc in X where 
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6q is small enough so that the corresponding points Teichmiiller space lie 
inside a metric ball that has harmonic Beltrami coordinates. In this case 
since the points pj (t) , 1 < j < n move holomorphically the harmonic Bel- 
trami coefficients that represent nt^e in the Teichmiiller space of Y^ — A{p, e) 
also vary holomorphically. Since these Beltrami coefficients are identically 
equal to zero inside the disc A(p, e), all of the points inside this disc vary 
holomorphically. Therefore, the limiting point p{t) as e — ?> also varies 
holomorphically since it is the uniform limit as e ^ of g^'^{p), where g^'^ 
is defined in Step II of the previous section. 

Now follow the motion h{t,p) to a value t = sq and apply the same 
argument to motion starting at Eg^ and pick a small enough neighborhood of 
So where there are harmonic Beltrami coordinates. Then s is a holomorphic 
function of t and if t is near enough sq so that the holomorphically moving 
equivalence class in T{Y^ — A(p, e)) is represented by a harmonic Beltrami 
coefficient /i^ with ||/is||oo < 1- For each e > 0, all of the points of the 
quasidisc gf*''^(A(p, e)) move holomorphically with respect to t. Thus, we find 
that the point p{t) is a uniform limit of the holomorphic functions g^'^{p) as 
e ^^ 0. Thus p{t) is also holomorphic function at every point t with X. 

D 

7. A NEW PROOF OF SlODKOWSKI'S THEOREM 

In this section, we give a new proof of Theorem [3l It is based on two 
results, the first a known topological result and the second geometric result, 
which is our main Theorem [2l Therefore, to complete our new proof of 
Theorem [3l we only need to prove the topological result here by showing 
that the topological condition in Theorem [2] holds when the parameter space 
X is the open unit disk A. More precisely, we prove the following lemma. 

Lemma 4. Suppose A is the open unit disk with the basepoint 0. Suppose 
E = {pi = 0,p2 = 1,^3 = oo,p4, . . . ,Pn}, #(^) = n > 3, is a finite subset of 
the Riemann sphere C and h{t, z) : Ax E ^!- C is a normalized holomorphic 
motion of E. Then h can be extended to a normalized quasiconformal motion 
H{t,z) : Ax C^C. 

Proof. Let ft = C\E he the Riemann sphere punctured at the points of E. 
The Teichmiiller space T(E) is the classical Teichmiiller space of the plane 
domain Q. Prom a theorem of Earle and McMullen [8], two quasicconfor- 
mal deformations w^ and w'^ of fi are Teichmiiller equivalent if they are 
connected by a quasiconformal isotopy rel E, where w'^ and w'^ mean the 
normalized quasconformal homeomorphism with Beltrami coefficients /x and 
u. 
Let 

where Zi ^ Zj for all 1 < i 7^ j < n — 3 and Zj 7^ 0, 1, 00 for all 1 < i < n — 3. 
From the normalized holomorphic motion h{t, z) : A x i? ^ C, we can define 
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a holoniorphic map 

f{t) = {h{t,pi), • • • , h{t,pn)) : A ^ y„_3. 

We need the following proposition which proof can be found in [5] (see 
also [20J). 

Proposition 2. The map 

tteMe) = (w^'ip^), ■ ■ ■ ,w^'{pn)) : T{E) ^ y„_3 
is a holoniorphic universal covering. 

Since A is simply connected, we can lift / to get a holoniorphic map 

m : A ^ T{E) 

such that 

TTB o / = /. 

From the Douady-Earle barycentric extension procedure (see [6]), there 
is a continuous section S of Pe (see [IZ]), that is, a continuous map S from 
r(^) to M(C) such that P^; o 5 is the identity on T{E). Define 

m =Sof{t):A^ M{C) 

Then we have that 

Peo f = f and tteoPe° f = f- 
Refer to the following diagram: 

M(C) 

T{E) 
A —U y„_3 

For any /(f) € M(C), let w^^^' be the normalized quasiconformal home- 
omorphism solving the Beltrami equation 

(8) VOz = p.{z)wz 

with the Beltrami coefficient /i = f{t). Define 

H{t,z) = w^^^\z) : A xC^C. 

Then it is a normalized quasiconformal motion of C with parameter space 
A. Since vr^ o Pe{J) = f, we get H{t,0) = 0, H{t, 1) = 1, H{t, oo) = oo, 
and 

{H{t,p,),--- ,H{t,Pn)) = f{t). 

Thus H is an extension of h. This completes the proof. D 
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LemmalHsays that for any normalized holoniorphic motion h : A x £^ — )• C 
of any finite subset E of the Riemann sphere C with parameter space A, our 
guiding isotopy assumption in Theorem [2] holds. Thus for any new point 
p ^ -E, we can have a holomorphic motion /i : A x (S U {p}) -^ C extending 
h. To complete the proof, we need the A-Lemma of Mane, Sad and Sullivan, 
(see [19]). 

Lemma 5 (A-Lemma). Suppose h{t,z) : A x E —?■ C is a holomorphic 
motion, where E is a subset ofC Then it can be extended to a holomorphic 
motion h{t, z) : A x E ^ C, where E means the closure of E in C. 

Now suppose h{t, z) : A x E —^ C is the normalized holomorphic motion 
in Theorem [3l Let E^o = {0, 1, oo,pi, • • • ,Pn,-"} be a countable dense 
subset of E. Let F = {qi, ■ ■ ■ , g„, • • • } be a countable dense subset of C\E. 
Let En = {0, l,oo,pi,- • • ,pn} and F„ = {qi,--- ,g„}. Then hn = h\A x En 
is a holomorphic motion for every n > 3. Our main result (Theorem [2]) 
with the consideration of Lemma H] implies that we can extend hn to a 
holomorphic motion Hn{t,z) : A x (En U En) — > C. Inductively, we have 
a holomorphic motion Hoo{t,z) : A x (£^00 U F) — >■ C which extends every 
hn- The A-Lemma implies we can extend this last holomorphic motion into 
a holomorphic motion H{t,z) of the closure of E^o U F which is the whole 
Riemann sphere C with parameter space A. This holomorphic motion H is 
an extension of h. This completes our new proof of Theorem [31 

8. Arbitrary dynamical spaces 

In this section we show how the proof given in the previous sections for 
the case when the dynamical space is the Riemann sphere can be promoted 
to prove the analogous theorem when the dynamical space is any Riemann 
surface. This is the content of Theorem [TJ 

We assume that the finite subset i? of y is moving holomorphically and 
parameterized by a guiding quasiconformal isotopy with parameter t G X. 
Our goal is to use the isotopy to induce a holomorphically moving point p{t) 
that starts at any point p = p{tQ) m.Y — E and has the property that p{t) 
never lies in the set Et. 

First, take a point p ^Y and form a Fuchsian universal covering group 
r of y — {p} acting on the upper half plane HI that contains a primitive 
parabolic element ^q{z) = z + 1 with the property that the arc a{t) = 
t + iM, < t < 1 has image a under the covering that winds once around 
the point p. By the Leutbecher-Shimizu |18y22j lemma the restriction of the 
covering mapping to the semi-infinite strip 

{w : < u = Re w < 1, V = Im w > 1} 

is a homeomorphism onto an embedded punctured disc contained in y — {p} 
with the puncture located at p. Thus, z = exp(27riw) is a local parameter 
on y with z = corresponding to the point p and the part of this strip lying 



GUIDING ISOTOPIES 
above v = M > 1 corresponding to an embedded disc 
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(9) 



{z ■.\z\<e = exp(-27rM)}. 



Now we can replace Step I of section [6] by the following device. We con- 
struct a Kleinian group T^ that contains two isomorphic copies F both of 
which act discontinuously on a certain domain. The domain has an anticon- 
formal involution j and the action of one copy of F covers Y^ and the action 
of J o F o j on the other copy covers i(i^e). It turns out that F^ is called an 
HNN-extension of F, named after Higman, Neumann and Neumann. 

To construct F^, we take M > 1 and let j be reflection in the plane around 
the horizontal line y = M. Then we form Kleinian group F generated by F 
and j o F o j. Note that both of these groups contain the common element 
z I— 7> z + 1. If we take a fundamental domain for F that is bounded by the 
two vertical lines x = and x = 1 and axes of hyperbolic transformations 
all lying below the line y = 1, then F has a fundamental domain lying 
between the two horizontal lines y = and y = 2M. This rectangle contains 
the subrectangle < x < 1 and 1 < y < 2M — 1, which is entirely contained 
within the fundamental domain for F . Moreover, the fundamental domain is 
invariant under its reflection j across the line y = M. F is the amalgamated 
product of F and j o F o j, amalgamated along the common cyclic subgroup 
generated by 2: i-)> z + 1. Since F*^ depends on M and M depends on e by 
the simple formula ([9]), we denote F"^ by F^. The groups F and F^ both act 
on the Riemann sphere and, if we hold the limit points 0,1, and cxo fixed 
and let e —7- 0, the fundamental domains for the groups F^ converge in the 
Hausdorff sense to the fundamental domain for F. 



v = 2M 
v = 2M -1 



z ^ z + 1 



F, ^ F as e ^ or M ^ 00 



y = M 



d{t) 



ti 



V = l 



x = 



x = 1 



Figure 1 
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Steps II, III and IV can be repeated almost verbatim but now with Bel- 
trami coefficients Jlt,e and ^t,t and corresponding mappings g* and g^'^ all 
equivariant for the Kleinian groups T^. As one lets M — )• cx) or e ^ and 
holds three limit points 0, 1 and oo fixed, the groups r^ converge to F, and 
so do their corresponding conjugated groups (7*'"^ o r^ o (5*'*^)"^ converge to 
g* o r o ((7*)^^. The extension of the holomorphic motion to p is realized by 
the corresponding fixed point of a parabolic transformaton in g^ oT o [g'')~^ . 
Since the entries of this parabolic transformation vary holomorphically with 
t, so does the corresponding fixed point p{t). This completes the proof of 
Theorem [TJ 

9. Trace monodromy and an isotopy principle 

In this section we show the isotopy class assumption in Theorem [2] is 
important and necessary. To do this we first give a discussion of a topological 
obstruction to the extension of a holomorphic motion of a subset in the 
Riemann sphere parametrized by a non-simply connected Riemann surface. 
This discussion is first appeared in the paper [3]. Using this discussion 
we give a counter-example of a holomorphic motion of a finite subset in 
the Riemann sphere parametrized by any non-simply connected bounded 
domain in the complex plane that cannot be extended to a continuous (thus, 
a holomorphic) motion of the whole Riemann sphere parametrized by the 
same domain. 

The topological obstruction is called trace monodromy in [3j. Suppose X 
is any hyperbolic Riemann surface, E a subset of C containing 0, 1 and 00 
and card{E) > 4. If /i is a continuous motion of X x E' — > C, then for any 
z / 0, 1, 00 G £', h{t, z) = h^{t) : X — ;■ Co,i = C \ {0, 1, 00} is continuous 
and induces a homomorphism 

K:7T,{X)^7Tl{Co,l). 

This is called the trace monodromy induced by h. By definition the trace 
monodromy is trivial if it maps every element of '7ri(X) to the identity of 
7ri(Co,i). We have the following result in [3], where a more general result is 
proved. 

Theorem 7. Suppose X is a Riemann surface with a basepoint to- Let 
h : X X E —^ C be a normalized holomorphic motion of a finite set E with 
card{E) > 4 with parameter space X. If h can be extended to a quasicon- 
formal motion of C with the same parameter space by X, then the trace 
monodromy hi : tti{X, to) -^ vri(Co,i) for z ^ 0,1, 00 € E is trivial. 

Proof. For the benefit of the reader, we outline the proof here. Suppose 
H{t, z) : X X C — 7- C is a continuous motion which extends h{t, z) : X x E —^ 
C. Let 7(5), < s < 1, be a simple closed curve in X with 7(0) = 7(1) = to- 
Let ;u(s) be the Beltrami coefficient of if (7(5), -) which is continuous on s. 
Then H{'j{s), •) = w^^^'{-) since both are quasiconformal maps fixing 0, 1, 00 
with the same Beltrami coefficient. Let K{s, u) = w'^^^^\z) : [0, 1] x [0, 1] — > 
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Co,i for any z ^ 0,1, oo G E. Then it is a continuous map such that 
K(s, 1) = H{'y{s),z) and K{s,0) = z. Thus H{'y{s),z) is a continuous 
curve in Co,i homotopic to a point z in Co,i- This imphes that the trace 
monodromy is trivial. D 

Using this theorem, we construct a counter-example of a holomorphic 
motion of a finite subset of the Riemann sphere parametrized by any non- 
simply connected planar domain which does not satisfy our isotopy class 
assumption in Theorem [2l 

Example 1. Suppose X is a planar domain in the Riemann sphere C 
such that C — X has more than one connected components and at least one 
component contains more than one point. Let to be the base point of X. 
Then for any finite subset E in C with #{E) > 4, there is a holomorphic 
motion h{t, z) : X x E ^ C that cannot be extended to a quasiconformal 
motion of C with parameter space X. 

Proof. Since C — X has a component containing more than one point, we 
can use two points in this component and a square root map to map X into 
a half-plane. Then applying a Mobius transformation, we can assume that 
X is a bounded planar domain such that C — X has a unbounded component 
and a bounded component. 

Suppose zq ^ 0,1,00 (z E. Then we have a domain X and a conformal 
map z = (j){t) : X — )■ X such that (j){tQ) = zq and Xf}{E— {zq\) = and is 
in a bounded component of C — X and E — {0, zq} are all in the unbounded 
component of C — X. Define h[t, z) = z for any z ^ zq and t G X and 
4>{t, zq) = (t){t). Then it is a holomorphic motion but the trace mondromy is 
not trivial. Thus from Theorem[7l it cannot be extended to a quasiconformal 
motion to the whole Riemann sphere parametrized by X. D 



Remark 1. When ij^{E) = 4 and X = C — {0, 1} is the trice-punctured sphere 
with a basepoint tQ, Douady constructed the following counter-example. Let 
E = {O,l,oo,io}, let h{t,z) : X x S ^^ C and define h by /i(t,0) = 0, 
h{t,l) = 1, and h{t, oo) = oo, and /i(t, to) = t- Then Douady showed 
that h is a maximal holomorphic motion and, therefore, cannot be extended 
further. Since an annulus A can be thought as a covering space of the thrice- 
punctured sphere, there is a covering map vr : A — )■ X. Earle considered 
h{t,z) = {■K*h){t,z) = h['K{t),z) : A X E ^f C and showed it is also a 
maximal holomorphic motion. Thus, it also cannot extended further. See [7] 
for these two counter-examples and the definition of a maximal holomorphic 
motion. The topological obstruction defined in J3] gives us more fiexibility 
to construct more counter-examples. One can find other counter-examples 
when the parameter space is the punctured disk in [3j or an annulus. The 
counter-example given in Example [T] is for any finite subset with any non- 
simply connected planar domain. 
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Remark 2. In ^jj it is shown that when card{E) = 4 a holomorphic motion 
h : X X E ^ C can be extended to a holomorphic motion h:XxC^Cif, 
and only if, its trace monodromy is trivial. 
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